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Abstract

This paper characterizes the relationship between interest rates, in-
vestment horizons, and the size of price bubbles under finite order knowl-
edge of rationality. An outcome is said to be rationalizable if it is con-
sistent with the assumption that all agents possess common knowledge
of rationality. As the transaction rate approaches infinity, the unique
rationalizable price path is shown to instantaneously coincide with the
fundamental value. Under finite transaction rates, the unique rationaliz-
able price path is shown to converge on the fundamental value as quickly
as possible. In contrast, rational agents with finite order knowledge of
rationality are shown to generate price bubbles that deviate from the
rationalizable price path. Lower interest rates and shorter investment
horizons are shown to produce larger bubbles under every finite order

knowledge of rationality.

*The author would like to thank Daniel Friedman and Christian Hellwig for their in-
sightful comments.



1 Introduction

An outcome is said to be rationalizable! if it is consistent with the assumption
that agents possess common knowledge? of rationality. A rational investor
who is uncertain about the rationality of others may expect non-rationalizable
prices, leading them to purchase assets at prices that exceed fundamentals.
If rational investors hold such beliefs, realized prices may indeed be non-
rationalizable. Hence rational agents with first order knowledge of rationality
may similarly expect non-rationalizable prices. Continuing this way, finite
order knowledge of rationality is never sufficient for rationalizability. Such de-
viations from the rationalizable price path are self-fulfilling prophecies in that

they occur because investors anticipate non-rationalizable prices.

This paper characterizes the relationship between interest rates, investment
horizons, and the size of price bubbles under finite order knowledge of ratio-
nality in continuous time asset markets. We begin by characterizing the unique
rationalizable price path under common knowledge of rationality. As transac-
tion rates approach infinity, the rationalizable price path instantaneously coin-
cides with the fundamental value. Under finite transaction rates, rationalizable
prices converge on the fundamental value as quickly as possible. Conversely,
a bubble is said to occur when prices move away from the fundamental value.
Common knowledge of rationality is sufficient for the elimination of bubbles,
but finite order knowledge of rationality is always insufficient for the elimina-
tion of bubbles. For all n € N, we demonstrate the existence of price bubbles

consistent with n'® order knowledge of rationality.

We show that price bubble amplitude is strictly decreasing in the interest
rate and the expected investment horizon under every finite order knowledge

of rationality. Lower interest rates and shorter investment horizons produce

!This notion of rationalizability is discussed by Bernheim (1984) and Pearce (1984).

2 A rational agent who knows that all other agents are rational is said to have first order
knowledge of rationality. A rational agent who knows that all other agents have first order
knowledge of rationality is said to have second order knowledge of rationality. Proceeding
this way, rational agents who possess every finite order knowledge of rationality are said to
have common knowledge of rationality (Aumann, 1995).



larger price bubbles. Intuitively, this occurs because rational investors evaluate
assets at a convex combination between the fundamental value and expected
future prices. In the limit as the interest rate or the expected investment
horizon becomes large, asset valuations coincide with the fundamental value.
Shorter investment horizons and lower interest rates cause rational investors
to place less weight on the fundamental value and more weight on subjective

beliefs about future prices.

These results contrast with those of Allen, Morris, and Postlewaite (1993) and
Conlon (2004) who describe equilibrium overpricing in markets with asym-
metric information about dividends. In contrast, the present paper describes
rational deviations from equilibrium in markets with symmetric information
about dividends. Farhi and Tirole (2012), Martin and Ventura (2012), and
Gali (2014) describes how equilibrium prices can exceed fundamental values in
overlapping generations models. In contrast, the present paper describes how
shorter investment horizons and lower interest rates produce larger bubbles in

settings where agents possess finite order knowledge of rationality.

The remainder of the paper is organized as follows. Section 2 describes the
model, section 3 presents the results, section 4 provides an example, and sec-

tion 5 concludes. Proofs are provided in the appendix.

2 The Model

Consider an asset market populated by a continuum of investors indexed by
i € [0,1] and a continuum of liquidity providers indexed by ¢ € R. Let
p(t) € R, denote the price of an asset at time ¢t € R,. Let a; (t) € R denote
the quantity of the asset held by investor ¢ at time ¢. Let A (t) denote the

total quantity demanded by investors at time t.

A(l) = /0 o (1) di (1)

If A(t) > ¢, liquidity provider ¢ offers to sell at price f(¢) € R. If A(t) < ¢,
liquidity provider ¢ offers to buy at price f(¢) € R. Liquidity providers are
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ordered by price such that f () < f (y) for # < y. The inverse supply function
f iR — R is assumed to be a smooth increasing bijection of polynomial order.
The market clearing condition (2) requires that the total quantity demanded

is equal to the total quantity supplied at each point in time.

p(t) = f(A()) (2)

2.1 Investment

Let P denote the set of continuous and right-differentiable price paths p :
R, — R. Let p; : [0,t] — R denote the restriction of the price path p € P to
the closed interval [0, t]. Let H denote the set of all possible price histories.

H={p:pePteR,} (3)

An investment strategy ¢; : H — [—~, 7] specifies investor i’s purchase rate at
time ¢ as a function of the price history p; € H. The transaction rate v € R,
can be arbitrarily large. Let a; (t|¢;, p) denote the quantity of assets held by

investor ¢ at time ¢ under the price path p and the investment strategy ¢;.
t
os (t6,9) = a0+ [ 61 (p.)ds )
0

Let ®; denote the set of all strategies ¢; : H — [—7,7] such that a; (¢|¢;, p)
is right-continuous in ¢ for all p € P. Let & = Hz‘e[o,l} ®; denote the strategy
space. Let A (t|¢,p) denote the total quantity of assets demanded by investors
at time ¢ under the strategy profile ¢ € ® and the price path p € P.

AM@@:AQM%mm (5)

A price path p is said to be feasible if it satisfies the market clearing condition

(6) for some strategy profile ¢ € ®. Let P denote the set of all feasible price



paths.

p(t) = f(A(tlg,p)) (6)

2.2 Wealth

Let m; (t) € R denote the quantity of money held by investor ¢ at time t.
Investor i’s wealth w; (t) is equal to the value of their money plus the value of
their assets.

wi (t) =m; (t) +p (1) a; (1) (7)

Let r € R, denote the interest rate and let z € R, denote the dividend
rate® on the asset. Let 7, () denote the right-derivative® of m;. Investor i’s
net revenue is equal to their interest income plus their dividend income minus

the cost of their asset purchases.
1 (t) = rm; (t) + za; (t) — p () @i (1) (8)

Let p denote the present value of all future cash flows generated by an asset.

p= /0 e zdt = ; (9)

Let T; denote investor i’s stochastic investment horizon such that Pr (T; <t) =
1 — e7/#. Hence the expected investment horizon is E{T;} = 5. At time
T;, investor ¢’s portfolio is transferred to a new investor with an identically
distributed investment horizon. Agent ¢’s payoff II; is the the present value of
their final wealth.

I = e "w; (T;) (10)

3For stocks, the dividend rate corresponds to the rate at which dividends accrue to the
stockholder. For real estate, the dividend rate corresponds to the rate at which rental
revenue accrues to the property owner.

4This paper uses i (t) to denote the right-derivative of x with respect to t.



2.3 Rationality

Let ¥ denote the o-algebra on P generated® by H. Let p; : © — R be a
probability measure on P such that yu; (Pr) = 1. The probability measure p;
describes investor ¢’s beliefs about future prices. Let p; (B) denote investor
i’s probability that p € B. Let p; (B | p;) denote investor i’s conditional
probability that p € B given the price history p, € H. Let M; denote the set
of all such beliefs p;. Let M = Hie[m] M; denote the set of all possible belief
profiles. Let ¢;; denote the set of strategies that agree with ¢; up to time ¢.

t={pi € ®;:p;i(ps) =& (ps) forpe P and s <t} (11)

An investor is said to be rational if they always maximize their expected payoft.
A strategy ¢; is said to be rational under the belief y; if it maximizes investor
1’s expected payoff conditional on every possible price history. More formally,

¢; is rational under p; if

¢; € argmax / E{1L i, p} du; (plpe) for all p, € H (12)

i€,

Let @7 (14;) denote the set of rational strategies under the belief ;. A strategy
profile ¢ is said to be rational under the belief profile p if ¢; € ®F (u;) for
all i € [0,1]. Let ®* (u) denote the set of rational strategy profiles under the
belief profile y. A strategy profile ¢ is said to be rational if ¢ € ®* (u) for a
belief profile u. Let @y denote the set of rational strategy profiles. Let P (1)
denote the set of price p € P that satisfy the market clearing condition (6)
for a strategy profile ¢ € ®* (u). A price path p is said to be consistent with
rationality if p € P (u) for some belief profile u. Let Py denote the set of price

paths that are consistent with rationality.

5That is to say, ¥ is the o-algebra generated by the subsets of P consistent with each
possible history p, € H. More formally ¥ =c ({{¢€ P:q =p;} C P:p; € H}).



2.4 Knowledge

An investor is said to possess first order knowledge of rationality if they know
that all other investors are rational. A belief p; is said to be consistent with
first order knowledge of rationality if pu; (Py|p;) = 1 for all p € Py. Let M*
denote the set of belief profiles that are consistent with first order knowledge
of rationality. A strategy profile ¢ € @ is said to be consistent with first
order knowledge of rationality if it is rational under a belief profile p € M*.
Let ®! denote the set of strategy profiles that are consistent with first order
knowledge of rationality. A price path p € P is said to be consistent with
first order knowledge of rationality if it satisfies the market clearing condition
for a strategy profile ¢ € ®!. Let P, denote the set of price paths that are
consistent with first order knowledge of rationality.

An investor is said to possess n'* order knowledge of rationality if they know

that all other investors have (n — 1)

order knowledge of rationality. A be-
lief p; is said to be consistent with n'® order knowledge of rationality if
Wi (Po_1lpe) = 1 for all p € P,_y. Let M™ denote the set of belief profiles
that are consistent with n'* order knowledge of rationality. A strategy profile
¢ € ®"~1 is consistent with n'* order knowledge of rationality if it is rational
under p € M™. Let ®" denote the set of strategy profiles that are consistent
with n'"* order knowledge of rationality. A price path p € P,_; is said to
be consistent with n'* order knowledge of rationality if it satisfies the market
clearing condition for a strategy profile ¢ € ®". Let P, denote the set of price

paths that are consistent with n'” order knowledge of rationality.

A belief profile y is said to be consistent with common knowledge of rationality
it p € M™ for all n € N. Let M* denote the set of belief profiles that are
consistent with common knowledge of rationality. A strategy profile ¢ € ® is
said to be rationalizable if it is rational under a belief profile p € M*°. Let
denote the set of rationalizable strategy profiles. A price path p € P is said to
be rationalizable if it satisfies the market clearing condition for a rationalizable

strategy profile ¢ € ®*°. Let P,, denote the set of rationalizable price paths.



3 Results

Theorem 1 characterizes the optimal investment strategy under the belief p;.
Rational investors value assets at a convex combination between the funda-
mental value p and expected future prices p (t). They purchase assets whenever
their valuation exceeds the price of the asset and sell assets whenever the price
of the asset exceeds their valuation. Here vy denotes the transaction rate, « de-
notes the weight placed on the fundamental value, § denotes the rate at which
investors discount the future, S denotes the expected investment horizon, and

r denotes the interest rate.

Theorem 1. ¢; € ®; is rational under p; € M; if and only if, conditional on
each ps € H, almost surely for almost allt > s

v ifp(t) <V (pe, pa)

®i (pe) = 13
(#) —y it p(t) >V (py, i) (13)
V) = ap+ (=) [ 50 (vlpo) (14)
p(t) = (5/000 e %p (t+ s)ds (15)

1

Theorem 2 identifies the unique rationalizable price path. If investors possess
common knowledge of rationality, prices converge on the fundamental value
as quickly as possible. As the transaction rate v becomes large, the time t*
at which the rational price path reaches the fundamental value approaches
zero. Hence rationalizable prices instantaneously coincide with the fundamen-

tal value in the limit as the transaction rate approaches infinity.



Theorem 2. There is a unique rationalizable price path p* such that

(1) = J_”(A(O)Jrvtsgn(p—p(()))) ?ft<t* (17)
p if¢t >t

"=~ f7(p) — A(0)] (18)

The rationalizable price path converges on the fundamental value as quickly
as possible, so p* (t) [p* (t) — p] > 0 for all ¢t € R,. Conversely, a price path p
is said to be in a bubble when prices are moving away from the fundamental
value such that p (¢) [p (t) — p|] < 0. Positive bubbles occur when prices increase
above the fundamental value. Negative bubbles occur when prices decrease
below the fundamental value. The amplitude of a bubble is defined as the
maximal deviation between the fundamental value p and the asset price p (¢)
over the course of the bubble. Let A (u,r,3) denote the maximal bubble
amplitude under the belief profile p, the interest rate r, and the expected
investment horizon 8. If p(¢) [p(t) —p] > 0 for all t € R, and p € P (u) then
A (7, B) = 0. Otherwise, the bubble amplitude is given by

A (p,r, B) =sup{|p(t) —pl : p(#)[p(t) —p],p € P (1)} (19)

Theorem 3 guarantees the existence of bubbles under every finite order knowl-
edge of rationality. It says that for all n € N, there exists a belief profile u
consistent with n'* order knowledge of rationality and a price path p € P (u)
exhibiting a bubble of nonzero amplitude. While theorem 2 says that infi-
nite order common knowledge of rationality is sufficient for the elimination
of bubbles, theorem 3 says that finite order knowledge of rationality is never

sufficient for the elimination of bubbles.

Theorem 3. For all n € N there exists p € M, such that A (u,r,3) > 0.

Theorem 4 characterizes the relationship between interest rates, investment
horizons, and the amplitude of bubbles. It states that the maximal bubble
amplitude is strictly decreasing in the interest rate and the expected invest-

ment horizon under all belief profiles that fail to eliminate bubbles. Since n'”
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order knowledge of rationality is never sufficient for the elimination of bubbles,
lower interest rates and shorter expected investment horizons produce larger

bubbles under every finite order knowledge of rationality.

Theorem 4. The mazimal bubble amplitude A (u, r, 3) is strictly decreasing in
both the interest rate r and the expected investment horizon B if A (u,r, 5) > 0.

4 Example

This section provides a simple example illustrating the results presented in
section 3. If A(0) = p then the unique rationalizable price path is p* (t) = p
by theorem 2. If f () = x then the price path b € P that perpetually increases
as quickly as possible is given by b (t) = p+~t. Let g : P x R, — P such that
g (p,s) € P is consistent with p until time s and converges on the fundamental

value as quickly as possible thereafter.

p(t) ift <s
g(p.s)(t) =S p(s)+ (t—s)ysgn(p—p(s)) if s <t <73 (20)
p if ¢ > 7,
Tos =7 P =1 (5)] (21)

4.1 Rationality

Let 1Y € M denote the beliefs held by a rational investor who initially expects
the perpetual bubble b such that u? (b|p;) = 1 if p; = b;. Conditional on any
deviation from b, they expect prices to converge on the fundamental value as
quickly as possible so that u (g (p,t)|p;) = 1 if p; # b;. By theorem 1, the

rational asset valuation satisfies

V (b i) = ap + (1 — a) [b (1) + %]

Hence the price path b (t) lies below the rational valuation V (b, 1Y) before



b(t). = P
YTo | //.ff:?:'/ V(bta/i?)
/',l..'..- :
/// 4 :
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0 : : >
0 70 27’0

Time

Figure 1: The dotted line depicts the initially anticipated price path b (t). The
dot-dashed line depicts the asset valuation V' (b, 1) under the price path b (t).
The solid line depicts the price bubble 8° () consistent with rationality. The
dashed line depicts the asset valuation V (0?2, 4?) under the price path b° ().
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time 7o = (Br? + 7")_1, coincides with the rational valuation at time 7y, and

exceeds the rational valuation thereafter.

b(t) <V (by,p) ift<mg
b(t) >V (b, p) ift>m

As r or 8 become large, 79 approaches to 0. As r becomes small, 7y approaches
infinity. Let ¢ denote the investment strategy that involves buying assets as
quickly as possible whenever the rational asset valuation V (py, 1)) exceeds
the price p (t) and selling assets as quickly as possible whenever the price p (t)

exceeds the rational asset valuation V' (py, 11?).

L= it p(t) <V (pe, 117)
i \Pr) = :
=y i p(t) >V (p, 1)
As illustrated in figure 1, investors who employ the rational strategy ¢? pur-
chase assets as quickly as possible until time 7y. After time 7y they start selling
assets as quickly as possible, so prices begin falling at time 75. When prices
start falling, investors revise their beliefs and prices continue decreasing as
quickly as possible. At time 27, prices stabilize on the fundamental value.
The resulting price path b° = g (b, 79) satisfies the market clearing condition
for the strategy profile ¢°. By theorem 1, ¢? is rational under the belief 1%, so

b is consistent with rationality.

4.2 Knowledge

Let ! € M"' denote the beliefs held by a rational investor with first order
knowledge of rationality who initially expects the rational price path b° such
that pu} (0°p;) = 1 if p, = Y. Conditional on any deviation from °, they
expect prices to converge on the fundamental value as quickly as possible so

that u! (g (p,t)|p:) = 1if p; # 1. By theorem 1 the rational asset valuation

11
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Figure 2: The dotted line depicts the initially anticipated price path b° (¢)
consistent with rationality. The dot-dashed line depicts the asset valuation
V (2, u}) under the price path 0° (¢). The solid line depicts the price bubble
b! (t) consistent with first order knowledge rationality. The dashed line depicts
the asset valuation V (b}, 1} ) under the price path b (¢).
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satisfies

V() =ap+(1—a) 6/000 e b0 (t + 5) ds (22)
=p+(1—a)5/oooe_5s[bo(t+s)—p]ds (23)
=5+ (1—a)d / .TZM }e—5<$—t> (17 (s) — p] ds (24)

Since 0° is increasing over the closed interval [0, 7] and decreasing over the

closed interval [y, 27|, there exists 71 € (0, 7y) such that

b)) <V (B,pu) ift<m
Wt)y=V (b?, ,ull) ift=mn
W) >V (0, ) ift>mn

Let ¢! € ®! denote the strategy that involves buying assets as quickly as
possible when the rational asset valuation V' (py, u1}) exceeds the price p (t) and
selling assets as quickly as possible when the price p (t) exceeds the rational

asset valuation V' (p, ).

o (py) = v ifp(t) <V (p,pd)
o =y ifp(t) >V (i, 1)
As illustrated in figure 2, investors who employ the strategy ¢! purchase assets
as quickly as possible until time 7;. Accordingly, prices increase until time 7y,
begin falling at time 7y, and stabilize on the fundamental value at time 27;.
The resulting price path o' = ¢ (b, 71) satisfies the market clearing condition
for the strategy profile ¢'. By theorem 1, ¢! is rational under the belief
pub € M, so b is consistent with first order knowledge of rationality. By the
same argument, there exists 75 € (0,7;) such that b*> = g (b, 75) is consistent
with second order knowledge of rationality. Continuing this way, for all n € N
there exists 7, € (0,7,_1) such that b™ = g (b, 7,) is consistent with n'" order

knowledge of rationality.
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5 Conclusion

There is a unique rationalizable price path in continuous-time asset markets.
In the limit as the transaction rate approaches infinity, rationalizable prices
instantaneously coincide with fundamentals. Under finite transaction rates, ra-
tionalizable prices converge on fundamentals as quickly as possible. A rational
investor who is uncertain about the rationality of others may expect devia-
tions from the rationalizable price path. If investors hold such beliefs, realized
prices may indeed diverge from the rationalizable price path. Consequently,
investors with first order knowledge of rationality may expect deviations from
the rationalizable price path. Continuing this way, finite order knowledge of

rationality is never sufficient for the rationalizable price path.

Rational investors purchase assets as quickly as possible whenever their val-
uation for the asset exceeds its price, and sell assets as quickly as possible
whenever the price exceeds their valuation. They value assets at a convex com-
binations between the fundamental value and expected future prices. Lower
interest rates and shorter investment horizons cause rational investors to place
less weight on fundamentals and more weight on expected future prices, lead-
ing to larger deviations from the rationalizable price path. Future research
should extend this model to settings with stochastic interest rates, stochastic
dividends, production, consumption, and depreciation. Additional research is

needed to test these results empirically.
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A Proofs

t
Lemma 1. w; (t) = e"w; (0) + e”/ e "C(p,s)ai(s)ds
0

where ¢ (p,t) =z +p(t) —rp(t)

Proof. Since m; (t) = rm; (t) + za; (t) — p(t) a; (t)

wilt) = m(t)+pt)a )
i (1) = i () +p (0 a (0) + p (1) s (1)
= rm (8) + za, (£) + P () a (1)
= s (6) = p () s (8] + 2, (1) + p(2) i (1)
— wi (&) + [+ (8) — rp (8)] 0 (1)
= wi (8) + C(p 1) as (1)

w; (1) = e"w; (0) + e /t e "*C(p,s)a;(s)ds
0
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Lemma 2. p(t) = O (t°)

Proof. Since ¢; (p;) € [—7,7]
t|¢ —CLz / ¢1 pt dt
(t]gb,p):/o a; (t|¢,p) di = O (t)

By the market clearing condition

p(t) = f(A(tlg,p)) = f(O(1))
p(t) =0 (t9) since f (z) = O (z°)

Lemma 3. ¢ "'w; (t) = O (1)

Proof. By lemma 2, the price path is of polynomial order

p(t) = f(t)
e "'p(t)a; (t)=0O(1) since @ (t) = ¢; () € [—7,7]

Since m; (t) = rmy; (t) + za; (t) — p (t) a; (t)
m (t) = e"m,; (0) + e”/o e " [za; (s) —p(s)a;(s)]ds

e "'m (t) = m; (0) + / e "0 (s%)ds =0 (1)
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Lemma 4. E{Mfp. o} =w,(0)+ [ e *Cpit)as (0t
0
Proof. By lemmas 1 and 3

e "w; (1) —w; (0) = /0 e "*C(p,s)a;(s)ds =0 (1)
E{IL|p, ¢:} —w; (0) = E{e "w; (T;) —w; (0)}

- 5{] e () an (9) s}

1 t=00

s=t
= = et/ﬂ/ e "*C(p,s)a;(s)dsdt
ﬁ t=0 5=0

1 S§=00

t=o00
= = e "*C(p,s)a;(s) / e Bt ds
B 5=0 t=s

1 S§=00

= = e "*C(p,s)a;(s) [ﬁe*s/ﬁ] ds
/6 s=0
> 1

= / e %C(p, s) a; (s)ds since 0 =71+ —
0 B

]
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Lemma 5. E{Il;|p, ¢;} = w; (0) + a; (0) A (p,0) + /000 e (pr) N (p, t) dt

where \ (p,t) = / e 0=0¢ (p, s) ds
t
Proof.
EA{IL|p, ¢i} — w; (0)
= / e ¢ (p,s)a; (t|¢s,p)ds by lemma 4
0

- fesioaluos famds

p7 / (b’L pt dt dS

[
/ i (pe / ¢ (p, s) ds dt
+/

a; (0) A (p, 0)
= a;(0)A(p,0) i Oy (pe) A (p, t) dt
Lemma 6. §(t) = p(t) + /too e 0=y (1) da
Proof.

p(t) = 5/ e 06 p () ds
¢
:p(t)—|—5/ 6_5(S_t)/ p(x)dxds
t t

o)+ 5 [T [T tasa
— p(t) + 5 /toop (z) [eﬂ da

() + / e~ (o) d
t
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Lemma 7. A (p,t) =V (p,t) —p(t) where V (p,t) =ap+ (1 —a)p(t)

Proof.
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Lemma 8. ¢! € argmax E {IL;|p, ¢;} where
¢i€d;

®; (pe) = v sgn (V (p,t) — p (1))

Proof. By lemma 5

E{ILIp, &1} = w; (0) + a; (0) A (p,0) + / " et (o) A () dt

By lemma 7
E{IL]p, ¢;} = w; (0) + a; (0) X (p,0) + /OOO e (p) [V (p,t) — p(t)] dt

Hence ¢f maximizes E {IL;|p, ¢;}.
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Lemma 9. There exists ¢* € ® and p* € P such that
¢; () = vsgu(p—p (1))
t =71 ) - A )]
A0) + p—p*(0))~t) ift <t
P () = F A7) = {f< OOy s
P if ¢t > t*
¢; € argmax E{IL;|p*, ¢;}
G €D;
Proof. Differentiating the market clearing condition obtains
p(t) = f (A(tl¢", p"))
pr(t) =7 (o) [/ (f 7 (0 (1))
pr(t)=rsen(@—p @) f (1)
If £t > ¢* then p* (t) = p = 2 and

o0

Alp' 1) = e 270 (p*, ) ds

o0

e 240 —2]ds =0

/
A(p,t) = / e 0=t [z4+p* (t) —rp* ()] ds
¢
Apt) = /
¢
If t < t* then

A= | "D [ (1) — ()] d

t*
M) = [ e
t

A(p*,t) = /t " D, { —pr(t) + %p* (t)] ds

sgn (A (p™,t)) = sgn (p —p* (t)) = sgn (p — p* (t)) = sgn (¢; (pt))

Hence ¢f € argmax F {II;|p*, ¢;} by lemma 7 and lemma 8.

?i€D;

Sl

b2 )= () ds
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Proof of theorem 1. Maximizing agent i’s expected payoff conditional on the

price history ps € ‘H obtains

argmax / E{1Li|es, p} dus (plps)
P

Vi€

= argmax I {E {IL|y;, p} | ps}

Pi€P,

— argmax £ { / e~ (po) A (p. ) dt
0

i€dl

ps} by Lemma 5
= argmax / e E{¢; (pi) A(p, t) | ps} dt
i€dl, 0

— argmax /0 B {6 () B LN (0,1) | pi)} | pal} dt

i €¢;

— argmax / B {6 (p) E{V (.t) — p(t) | pu} | ps} dt by Lemma 7
0

Vi€

— argmax [ e B {6 () [EAV (0,0) | e} —p(8)] | o}t
|

Vi€

= argmax /OOO e "E{¢; (p) [V (pe, pus) — p ()] | ps} dt

®i €¢;
)

Hence ¢; maximizes agent ¢’s expected payoff conditional on the price history

= argmax F { /000 e g, (pe) [V (e, i) — p ()] dt

Vi€

ps € H if and only if almost surely for almost all ¢t > s

Sy ip () <V (pe )
¢i (p) = )
—y ifp(t) >V (pe, i)
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Lemma 10. There exists py < p < po such that

p(t) <po = V (pr,10s) > p(t)
p(t)>p0 = V(o ps) <p(t)

Proof. By theorem 1
V o) = ap+(—a) [ 50 du (o)
P

—apt(1-a) / 5 / ep (¢ + 5) ds dys (plp)
P 0

Then by lemma 2

V (e 1) =a-+<1—a>5/0°°e63 p(t) + O (s9)] ds
V (pepi) = ap+(1—a)p(t)+O(1)]
Vpnpw) D W o)
O IO ﬁ”pu)]
fm L@et) g V@om) g ey

plH)—oc P (t) p(H)~>—o0  p(t)
Hence there exists pg < p < pp such that

p(t) <po = V (pe, s) > p(t)
p(t)>po = V(p, i) <p(t)
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Lemma 11. Ifp € Py then p(t) < p*(t)
Proof. If p € Py and p (t) > po then

V (pe, i) < p(t) by lemma 10
¢; (p1) = —y by theorem 1

p) == (7 (p(1)) <0
For all n € N let p, = ap + (1 — a) p,,—1 so that

n—1
Pn = apZ(l —a) '+ (1—a)"py forallneN
k=0
For the inductive hypothesis, suppose
p(t)>p,andpe P, = p(t) =—f (f " (p(1)))
Now if p (t) < p, and p € P, then

Vipt)=ap+(1—-a)p(t)
Vip,t) <ap+ (1 =) pn = pria
V (pe, i) < P for all p e M
p(t) > pprrand p € Py = p(t) = —vf (f (p(1)))
Hence by induction
p(t)>p, = p(t)=—f (f(p(#)) forallneN

Taking the limit as n — oo obtains
lim p, =ap) (1-a)' =p
n—oo
k=0

p(t)>pandpe P = p(t)=—7f (f (1))

Hence p (t) < p*(t) for all p € Px.



Lemma 12. Ifp € Py then p(t) > p*(t)
Proof. If p € Py and p (t) < po then

V (p, 1) > p(t) by lemma 10
¢; (p1) =~ by theorem 1
pt)=~f(f"(p)) <0

For all n € N let p, = ap + (1 — a) p,,—1 so that

Lo

pn=apd (1—a)+1—a)"p, forallneN
=0

3

ol

For the inductive hypothesis, suppose

p(t) <pyandpe P, = p(t)=~f (f (p(#)))
Now if p (t) > p, and p € P, then
V(p.t) = apt (1-a)5 (1)
Vip,t) = ap+ (1 —a)pp = P
V (pi, pti) > Prgr for all p € M
p(t) <ppyrand p € Py = p(t) =7f (f (0(1)))

Hence by induction

p(t)<p,andpe P, = p(t) =~/ (f_1 (p(t))) for alln € N
Taking the limit as n — oo obtains
- 1
Jim pn = ap3 (1) = ap (3)-»
p(t)<pandp € Py = p(t) =~7f (/7 (1))

Hence p (t) < p*(t) for all p € Px.
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Lemma 13. P, = {p*}

Proof. Let g : P x Ry — P such that

p(s) ifs<t
g ) ()= f(f ) +ysgn(@—p(t)(s—1) ift<s<T
D ifs>71

=" e () - Bl

By lemma 9, ¢! € argmax E {II;|p*, ¢;}. Let u; € M such that

P €P;
i (g (pt)|p) =1

Hence by theorem 1
V (propis) = ap+ (1 — ) / B (0) dys (plp)
V (pe, i) = ap+ (1 — ) 5/ e % /p (t + s) d; (plp:) ds
0

V (pe, i) = ap+ (1 — 04)5/()00 e % (p,t) (t+ s)ds
o7 (pe) = vsgn (p—p(t)) = vsgn (V (ps, i) — p(t))

¢ € argmax /E{Hi|g0i,p} du; (plpe)  for all p, € H
Pi€D],

By lemma 9, p* (t) = f (A (t|¢*, p*)) so p* € Py. Continuing this way, p* € P,

for all n € N. By lemma 11, p(t) < p*(t) for all p € P,. By lemma 12,

p(t) > p* (t) for all p € Py. Hence Py, = {p*}. O

25



Lemma 14. For all n € N there exists p € P, such that p # p*

Proof. Let t* =71 [f1(p) — 7' (p(0))|. Let k=~ if p(0) < p and k = —y
otherwise. Let h : R, — P such that

FUF Y (p(0) +kt) ift<t*+c
p ft>tr+c

h(e) (s) =

Let m : P — M such that

mi (y) (ylp) =1 i pe =y
mi (y) (g (p,t) [p) =1 i pe # v
If y=~h(1) and g =m (y) then by theorem 1

V (g i) = ap + (1 — ) / B (1) dus (olyr)

:ocﬁ—i-(l—oz)é/ e %y (L + s)ds
0

If y (0) < p then y is increasing over [0, t* + 1], decreasing over [t* + 1,t* + 2],
and constant at p for ¢ > t*+2, so there exists ¢y € (0, 1) such that V' (y, p;) >
y (t) for t < t*+co and V (ys, p;) < y (t) for t > t* +¢o. Conversely if y (0) > p
then y is decreasing over [0, t* + 1], increasing over [t* + 1,¢* 4 2], and constant
fort > t*42, so there exists ¢y € (0, 1) such that V (y;, ;) <y (t) fort < t*+c¢o
and V' (yg, ;) < y (t) for t > t*+c¢o. By theorem 1, if ¢; (p) = vsgn (V (pe, i)
then ¢; is rational under p;. If yo = h(co) then yo (t) = f (A (t|¢i,y0)), sO
Yo € Py. By the same argument, there exists ¢; € (0,¢g) such that h(¢;) € Py.
Continuing this way, there exists ¢,, > 0 such that h (¢,,) € P, foralln € N. [

Proof of theorem 2. By lemma 9, p* is rationalizable. By lemma 13, P, =
{p*}. By lemma 14, there exists p € P, such that p # p* for all n € N. ]
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